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Abstract. A discrete set in the p-dimensional Euclidian space is almost periodic, if the measure 
with the unite masses at points of the set is almost periodic in the weak sense. We propose 
to construct positive almost periodic discrete sets as an almost periodic perturbation of a full 
rank discrete lattice. Also we prove that each almost periodic discrete set on the real axes is an 
almost periodic perturbation of some arithmetic progression. 

Next, we consider signed almost periodic discrete sets, i.e., when the signed measure with 
masses ±1 at points of a discrete set is almost periodic. We construct a signed discrete set that 
is not almost periodic, while the corresponding signed measure is almost periodic in the sense 
of distributions. Also, we construct a signed almost periodic discrete set such that the measure 
£h ■ with masses +1 at all points of the set is not almost periodic. 
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The concept of almost periodicity plays an important role in various branches of analysis. In 
particular, almost periodic discrete sets are used for investigation of zero sets of some holomor- 
phic functions (cf. [Sj,[2]), in value distribution theory of some classes of meromorphic functions 
(cf. [3]), as a model of quasicrystals (cf. [7J, [9]). Note that in [7] the question (Problem 4.4) was 
raised if there exist other discrete almost periodic sets in M p , besides of the form L + E with a 
^ discrete lattice L and a finite set E. 

Here we propose several ways to construct almost periodic discrete sets. Next, we introduce 
signed almost periodic discrete sets. To formulate our result beforehand we have to recall some 
known definitions (see, for example, [T]). 
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A continuous function f(x) in M p is almost periodic, if for any e > the set of e-almost periods 

>: of/ 

G\ . {r € M p : sup \f(x + r) - f(x)\ < e} 

Q . x£M.P 

is a relatively dense set in MP. The latter means that there is R = R(e) < oo such that any ball 
of radius R contains an e-almost period of /. 

Note that almost periodic functions are uniformly bounded in M p . Besides, every almost 
periodic function is the uniform in x € M p limit of a sequence of exponential polynomials of the 
form 

X'- C 1 ) P(x) = Y,c m e l{x ' Xm) , X m eR p , c m E 

here (., .) is the scalar product in W p . 

A Borel measure fi in M p is almost periodic if it is almost periodic in the weak sense, i.e., for 
any continuous function tp in MP with a compact support the convolution 



(2) J ip(x + t) dfj,(t) 

is an almost periodic function in x € MP (see |10j). 
The definition suits to signed measures as well. 
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Theorem 1 ([ID], Theorems 2.1 and 2.7). For any signed almost periodic measure \i in MP there 
exists M < oo such that the variation satisfies the condition 

(3) \fi\(B(c, 1)) < M VcGR p . 
Besides, there exists uniformly in x €M P a finite limit 

DM = , im eC?M). 

Here B(x,R) is an open ball with the center at the point x and radius R, oj p is the volume of 
5(0,1). 

We will consider some generalization of discrete sets, namely multiple discrete sets in W . 
This means that a number m(x) £ N corresponds to each point x from a discrete set. We denote 
this object by A = {(x,m(x))} and the corresponding discrete set by s(A). Also, we will write 
A = (ajfc), where every term a € s(A) appears m(a) times in the sequence (afe). 

In the case p = 2 the definition coincides with the definition of the divisor of an entire function 
in the complex plane. 

The definition of almost periodic sets has an evident generalization to almost periodic multiple 
discrete sets. 

Definition 1. A multiple discrete set A is almost periodic, if its associate measure 

(4) \i A = y~] m(x)5 x , 

x£s(A) 

where 5 X is the unit mass at the point x, is almost periodic. 
Put 

card(A n E) = ^ m(x) 

x£s(A)nE 

for any E GMP. The following result is a consequence of Theorem [TJ 

Theorem 2. For any almost periodic multiple discrete set A there exists M < oo such that 

(5) card (A D B(x, 1)) < M Vx G W. 
Besides, there exists uniformly in x Gf a finite density 

(6) D(A) = hm cardan 

Another proof of Theorem [5] see in [3] . 

There is a geometric criterium for multiple discrete sets to be almost periodic. 

Theorem 3 ([3], Theorem 11). An almost periodic multiple discrete set (a n ) C M p is almost 
periodic if and only if for each e > the set of e- almost periods of (a n ) 

(7) {r G EF : 3 a bijectiona : N — s> N such that \a n + r - a CT ( n ) | < e Vn <E N} 
is relatively dense in MP. 

At the first time almost periodic divisors appeared in papers [8] and [11], where only shifts 
along real axis were considered. The definition of almost periodicity based on the above geo- 
metric property. An analog of Theorem [3] was proved in [5]. 

Almost periodic perturbations of discrete lattices. Let F(x) = (Fi(x), . . . ,F p (x)) be 
a mapping from MP to MP with almost periodic components Fj(x). For convenience of a reader, 
prove the following known assertion. 

Proposition. For any e > there exists a relatively dense set of common e-almost periods of 
Fj with integer coordinates. 
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Proof. By the well-known Kronecker Theorem, the system of inequalities 

(8) | exp(r, A n ) - 1| < 6, n = 1, . . . , N, 

has a relatively dense in MP set of solutions t for any 5 > and any A n E MP, n = 1, . . . , N. Let 
{ej} P =1 be the natural basis in BP . Common solutions of (|8j) and the system 

(9) |exp2vr(r,e j ) - 1| < rj, j = l,...,p, 

form a relatively dense set too. Whenever r satisfies (j9|), there is r E TP such that |r — r| < prj/ir. 
Hence for sufficiently small r\ there exists a relatively dense set of solutions r E IP of system ([8]) 
with 2 J instead of 5. If each function is an exponential polynomial of form (pQ), then there 
exist 5 and Ai, . . . , Xn such that these solutions are common e-almost periods of Fj. In the 
general case we can approximate the functions Fj(x) by sequences of exponential polynomials. 
□ 

Let L be an arbitrary discrete full rank lattice in MP. Rewrite it in the form L = {AT, k E T p }, 
where T is a non-generated p x p matrix. If r E IP is a common e-almost period of components 
of F, then r = rT is an pe-almost period of the discrete multiple set 

(10) A = {a k ), a k = kT + F{k), k E TP, 

where the bijection a : Z p — > IP in ([7]) has the form cr(k) = k + r. Whenever all components F 
are almost periodic, Theorem [3] implies that A is an almost periodic multiple discrete set. Also, 
note that in the case of sufficiently small sup KP 1-^(^)1 we obtain an almost periodic Delone set. 

It is easy to construct an almost periodic set in MP without any periods. Take F(x) = 
(l/5)(sinxi, . . . ,sinx p ) for x = (x 1; . . . ,x p ), and put A = k + F(k), k E TP. If r E R p \ {0} 
is a period of A, then k + r + F(k) = k' + F(k') for all k E IP and some A/ = k'(k,r). 

Clearly, r = + t^ 2 ), where r^ 1 ^ = (t^, . . . ,t^) E Z p and modula of all components of 
t( 2 ) = (t[ 2 \ . . . ,Tp 2 ^) is less then 1/2. Therefore, k! = k + and sin(A:j + Tj ) = rj 2 -* + sinfcj 
for all k = (ki, . . . , k p ) E IP and j = 1, . . . ,p, that is impossible. 

Clearly, all vectors from a lattice L are periods of every almost periodic set of the form L + E 
with a finite set E. Therefore we obtain an answer on the question raised in |7J. 

Note that in [2] and [6] we get representation (|10p with a squire lattice L and a bounded 
mapping F{x) for a wide class of multiple discrete sets in MP, in particular, for every almost 
periodic multiple discrete sets. I do not know if each almost periodic set has representation (|10p 
with some lattice L and a mapping F(x) with almost periodic coordinates Fj. But this is true 
for almost periodic sets in the real axis. 

Theorem 4. Let A = (ak)kez> where a& < a^+i for all k, be an almost periodic multiple discrete 
set in M with the density D. Then a& = Dk + f(k) with an almost periodic function f . 

In [8] a similar result was obtained for real parts of zeros of almost periodic entire functions 
from some special class. 

Proof. Without loss of generality we may suppose that density D of the set A is equal to 
1. Also we suppose that E A and oq = 0. Take arbitrary x, y, h E R, x < y, h > 0. Using 
Theorem El take L > 2 such that any interval i C M of length L contains a 1-almost period k of 
A. Since i — k C (— L, L), we get 

cardan i)<M, where M = card(^4 n (-L - 1, L + 1)). 

Take a 1-almost period k of the set A such that y<x + n<y + L. By definition, there is 
a bijection /j between all points of the set A n (x + k, x + k + h] and some points of the set 
A n (x — 1, x + /i + 1]. Moreover, the same p is a bijection between some points of the set 
A n (x + k, x + k + /i] and all points of the set A n (x + 1, x + /i — 1]. Therefore we have 

|card(yln(x+K, x+K+h])-card(An(x, x+h})\ < card(An((x-l, x+l]U(x+/i-l, x+h+1}) < 2M. 
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Since 

(x + k,x + k + h]\(y,y + h] C (y + h,y + h + L), (y,y + h] \ (x + k,x + k + h] C (y,y + L), 
we obtain 

|card(,4n(x, x + /i]) -card(An(y, y + < 2M+card(An[(y,y+L)U(y + h,y + h+L)]) < AM. 

For any T € N the half-interval (x, x+Th] is the union of half-intervals (x+(j — l)h, x+jh], j = 
1, . . . , T. If we set y = x + (j — l)/i, j = 2, . . . , T, we get 

|card(y4 n (x, x + h)) - T _1 card(^ n (x, x + 77i])| < 4M. 

Taking into account (0) with D(A) = 1, we obtain 

(11) |card(^n (x, x + /i]) - /i| < 4M Vx e M, h > 0. 
Furthermore, put 

n(t) = card(v4 n (0, t}) for f > 0, n(t) = -card(A n (t, 0]) for i < 0, n(0) = 0. 

Take e < L/(2AM). Let r > 2L be an e-almost period of the set A. Clearly, if x, y, x + r, y + r 
do not belong to the e-neighborhood i7 e of the set s(vl), then we have 

n (y + r ) — n ( x + t) = n(y) — n{x). 

Therefore, the function n{x+r) — n(x) takes the same number p £ N for all x 6 M\(£/ e U({/ e — r)). 

Next, denote by i?[a] the integer part of a real number a. Put iV = E[L/(AMs)] + 1. It is 
easily shown that 

L T 

(12) 4Me < < 2Me(£[r/I] + 1) ~ L 

Denote by mesG the Lebesgue measure of the set G. Since any half-interval (y, y + r] contains 
at most M(£J[r/L] + 1) points of the set A, we get 

(N \ N 

(J - jr) n (0, r)] < ^2mes[U £ n (jr, (j + l)r)] < (N + l)2eM(^[r/L] + 1) < r. 
3=0 / 3=0 

Hence there is x € (0, r) such that the points x, x+r, . . . , x+ iVY do not belong to A e . Therefore, 

N 

n(x + Nt) — n(x) = n(x + jr) — n(x + (j — l)r) = Np. 
i=i 

On the other hand, using (jlip with /i = iVY, we get 

\n(x + Nt) - n(x) - Nt\ < AM. 

Consequently, by JTJ), we get \t - p\ < AM/N < WM 2 e/L. 
Put ~f(k) = ai- — k for all k € Z. We shall prove that 

(13) |7(m -fp) - 7(m)| < #£ Vm € Z, 

with i7 = 5M + 16M 2 /L. Suppose the contrary. For example, let 7(771 + p) > 7(771) + fls for 
some m £ Z. This yields that 

a m +p > «m + P + He > a m + r + 5Me. 

Since a n < a m for n < m and a n > a m+p for n > m + p, we see that for all t G (a m , a m + 5Me) 
we have 

(14) n(t + r) - n{t) = caxd{A n (t, t + r]) < p - 1. 
On the other hand, 

mes((a m , a m + L) n [J7 e U (C/ £ - r)]) < 2ecard([a m , a m + L] D [A U (^4 - r)]) < 4Me < 5Me. 

Since the left-hand side of (fT4"|) is equal to p for all t G (a m , a m + L)\ [U e U (J7 e — r)], we obtain 
a contradiction. In the same way we prove that the case j(m + p) < 7(771) — He is impossible 



as well. Hence (|13p is valid for all m G Z. If we continue the function 7 as a linear function to 
each interval (m, m + 1), we obtain the continuous function / on R such that 

\f{x + p) - f{x)\ < He, VxGK. 

Since the number p with this property exists in the (16M 2 e/L)-neighborhood of each e-almost 
period r of the set A, we see that / is an almost periodic function. Theorem is proved. □ 

Signed multiple discrete sets. Now we will consider some generalization of discrete sets, 
namely signed multiple discrete sets in MP. This means that a number m(x) E Z\{0} corresponds 
to each point x from a discrete set. As above, we denote this object by A = {(x, m(x))} and the 
corresponding discrete set by s(A). Equality ([!]) define the associate measure jjla of A. Also, 
put 

A + = {(x,m(x)),x G s(A), m(x) > 0}, A~ = {(x,m(x)),x G s(A), m(x) < 0}. 

In the case p = 2 the definition coincides with the definition of the divisor of a meromorphic 
function in the complex plane. 

Definition 2. A signed multiple discrete set A is almost periodic, if its associate measure ha 
is almost periodic. 

Note that each continuous function with a compact support can be approximated by a se- 
quence of functions from C°° with supports in a fixed ball. Therefore, if a signed measure \x 
satisfies ([3]), we can take only functions (p G C°° in definition ([2]). Next, take a positive function 
ip G C°° such that <p(x) = 1 for \x\ < 1 and (f(x) = for jx| > 2 in ([2]). Since almost periodic 
functions are bounded in MP, we see that every almost periodic in the sense of distributions 
positive measure satisfies ([3]). Hence the class of positive multiple discrete sets with almost pe- 
riodic in the sense of distributions associate measures coincides with the class of positive almost 
periodic multiple discrete sets. But this assertion does not valid for signed multiple discrete sets. 

Theorem 5. There is a signed multiple discrete set such that its associate measure is almost 
periodic in the sense of distributions and not almost periodic in the weak sense. 

Proof. Let a{n), n £ 2Z \ {0}, be the greatest k G N such that 2 k is a divisor of n. Put 

0+ = n + l/(a(n) + l) 2 , a~ = n - l/(a(n) + l) 2 , n G 2Z \ {0}. 

Define the signed multiple discrete set A = A + U A" , where 

A+ = {( a n> «(»)}ne2Z\{0}> A ~ = «( n ))}nG2Z\{0} • 

The measure fiA does not satisfy (J3j) , therefore it is not almost periodic. Let us show that [ia is 
almost periodic in the sense of distributions. 

Take a function ip G C°° such that suppy? C (—1/2, 1/2). Suppose that r = 2 p k for some 
p G N, k E Z. If \x — n\ > 3/4 for all n G 2Z, then the same is valid for the point x + t, therefore, 

(ip * ha){x + r) = (<p* va){x) = 0. 

If \x — n\ < 3/4 for n G {2Z : a(n) > p} U {0}, then either * ha)(x) = 0, or 

\ip * £*A 0*01 = a { n )\ L P{ a n + x ) ~ ^( a n + x )\ ^ a(n)M\a^ — a~\ < 2M/p, 

where M = sup K |</p'(x)|. Moreover, if this is the case, then also n + r G {2Z : a(n) > p} U {0}. 
Hence the same bound is valid for the value (tp * ha){x + r). We obtain 

\tp * ha(x) — if * ^a{x + t)\ < AM /p. 

Finally, if \x — n\ < 3/4 for n G {2Z : a(n) < p}, then a(n + r) = a(n). Therefore, we have 

CLn+r = a n + r 5 an d 

(ip * fi A )(x + t) = a(n + T)[ip(x + t- a+ +r ) - <p(x + t - a~ +T )} 

= a(n)[ip(x - a+) - <p(x - a~)} = (<p* Ha)(x). 
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Consequently, all multiplies of 2 P are (4M/p)-almost periods of the function (ip * /j,a)(x). Thus 
HA is almost periodic in the sense of distributions. Theorem is proved. □ 

Note that we can check almost periodicity of function ([2]) only for positive continuous functions 
ip with an arbitrary small diameter of its support. Hence if A is a signed almost periodic multiple 
discrete set and 

ml{\x - y\ : x G s(A + ), y G s(A~)} > 0, 
then A + and A~ are almost periodic multiple discrete sets as well. But this is false in the general 
case. 

Theorem 6. There is a signed almost periodic set A such that A + and A" are not almost 
periodic. 

Proof. Put 

A + = {(a+ l)}ne 2 z, A- = {(a", -l)}„ e2 z, A = A + U A~ , 

where points are the same as in the proof of Theorem 

Following the proof of Theorem [5j we can assure that fiA is almost periodic in the sense of 
distributions. Since the measure \xa satisfies condition ©, we get that A is a signed almost 
periodic multiple discrete set. 

We will use Theorem [3] for proving that A + is not almost periodic. Clearly, the distance 
between any two points of A + has the form 2m + /3, m G N, \/3\ < 1/4. Hence whenever r is an 
e-almost period of A + , e < 1/4, we have r = 2no + 7, no G Z, I7I < 1/2. But g" A + , hence 
the distance between the point 2uq + (a(2no) + l) -2 — t and any point of A + is more than 1. 
We obtain a contradiction. Consequently, A + is not almost periodic. Analogously, A~ is not 
almost periodic as well. Theorem is proved. □ 

Clearly, the measure \ha\ = 2u^+ — is not almost periodic as well. Therefore we obtain 

Corollary. The positive discrete set {a+} U {a~} does not almost periodic. 
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